In this article, we consider permutation orbifold models of C 2 -cofinite vertex operator algebras of CFT type. We show the C 2 -cofiniteness of the 2-cyclic permutation orbifold model (V ⊗ V ) S 2 for an arbitrary C 2 -cofinite simple vertex operator algebra V of CFT type. We also give a proof of the C 2 -cofiniteness of a Z 2 -orbifold model V + L of the lattice vertex operator algebra V L associated with a rank one positive definite even lattice L by using our result and the C 2 -cofiniteness of V L .
Introduction
This paper is a continuation of the paper [A] where 2-cyclic permutation orbifold models of the Virasoro vertex operator algebras are studied. It is also shown in [A] that if the based Virasoro vertex operator algebra is C 2 -cofinite then its 2-cyclic permutation orbifold model is also C 2 -cofinite. In this paper, we generalize the result to 2-cyclic permutation orbifold models of arbitrary C 2 -cofinite vertex operator algebras of CFT type. As an example we give a proof of C 2 -cofiniteness of a Z 2 -orbifold model V + L of the lattice vertex operator algebra V L associated with a rank one positive definite even lattice L by using the C 2 -cofiniteness of V L .
The tensor product T d (V ) = V ⊗d of d-copies of a vertex operator algebra V has canonically a vertex operator algebra structure. The symmetric group S d of degree d acts on T d (V ) in a natural way and it is regarded as a subgroup of the automorphism group Aut (T d (V )). For a subgroup Ω of S d , an Ω-permutation orbifold model T d (V ) Ω is the vertex operator subalgebra of T d (V ) consisting of vectors stabilized by all elements in Ω. Theory of permutation orbifolds was first studied in [KS] and [FKS] and has been systematized in [BHS] for cyclic permutations. The results in [BHS] are generalized to those for every permutation group and play an essential role in the proof of the fact that the kernel of the representation of the modular group on the space of characters is a congruence subgroup ([Ban1] , [Ban3] ).
From a point of view of the theory of vertex operator algebras, Barron et al. ([BDM] ) gave a structure of a σ-twisted T d (V )-module on any weak V -module for a cyclic permutation σ in S d . They also show that there is a category equivalence between the category of weak V -modules and that of σ-twisted T d (V )-modules. Moreover there exists a one to one correspondence between the set of inequivalent irreducible V -modules and those of irreducible σ-twisted T d (V )-modules. But the classification of irreducible T d (V ) S d -modules is not finished yet. As for this problem for the case S 2 , it follows from the results in [M2] that if T 2 (V ) S 2 is C 2 -cofinite, then any irreducible T 2 (V ) S 2 -module is a submodule of irreducible T 2 (V )-modules or irreducible σ-twisted T 2 (V )-module for the generator σ of S 2 . Since irreducible σ-twisted modules are classified in [BDM] , our results will enable us the classification of irreducible T 2 (V ) S 2 -modules. Now we shall explain how to prove that T 2 (V ) S 2 is C 2 -cofinite for a C 2 -cofinite simple vertex operator algebra V of CFT type. Let V be a C 2 -cofinite simple vertex operator algebra of CFT type. We take a finite subset S consisting of eigenvectors for ω (1) = L 0 such that
where ω is the Virasoro vector of V and a (n) b (a, b ∈ V ) denotes the n-th product for n ∈ Z. Let η be a linear map from V to T 2 (V ) S 2 defined by η(a) = a ⊗ 1 + 1 ⊗ a for a ∈ V . We denote by η = π • η, where π is the canonical projection form T 2 (V ) S 2 to T 2 (V ) S 2 /C 2 (T 2 (V ) S 2 ). It is proved in [A] that if V is C 2 -cofinite, then the quotient space T 2 (V ) S 2 /C 2 (T 2 (V ) S 2 ) is finite dimensional if and only if the vector space η(x (−n) y)|x, y ∈ S, n ∈ Z C is of finite dimension. Now we set D(x, y) = η(x (−n) y)|n ∈ Z C
for any x, y ∈ V . Then it is clear that
is finite for any x, y ∈ S. One of the main results in [A] is dim D(ω, ω) < ∞ holds for the Virasoro vector ω of V without assuming the C 2 -cofiniteness. In this paper we shall prove that dim D(x, y) is finite for any x, y ∈ V when V is a simple vertex operator algebra of CFT type. Now we can deduce that T 2 (V ) S 2 is C 2 -cofinite when V is C 2 -cofinite, simple and of CFT type.
We apply our result to a Z 2 -orbifold model V
of the lattice vertex
was proved in [Yam] . We give an alternative proof of the C 2 -cofiniteness of V Let M = Zβ be a lattice whose generator has a square length β, β = 4k for k ∈ Z >0 . The vertex operator algebra T 2 (V M ) is isomorphic to the lattice vertex operator algebra V M ⊕M , where M ⊕ M is the orthogonal direct sum of two copies of M.
Since both of the square lengths of are C 2 -cofinite vertex operator algebras of CFT type. Therefore the right hand side in (1.1) is a vertex oeprator subalgebra of the tensor product V Z 1 2
with same Virasoro vector. From our result and the C 2 -cofiniteness of
, which is isomorphic to
as vertex operator algebras, is C 2 -cofinite. This paper is organized as follows: In Section 2 we prepare terminologies and notions. We also state a lemma for later use. We recall the definition of permutation orbifold models and some identities given in [A] in Section 3. Section 4 is the main part of this paper. In Section 4.1, we recall some known facts proved in [A] and state the main theorem. The main theorem follows from the finiteness of the dimension of D(x, y) with arbitrary x and y which is proved in Sections 4.2-4.4. In Section 4.2, we prove dim D(x, y) < ∞ for homogeneous vectors x, y whose weights are one, and prove this for x = ω and every homogeneous vector y in Section 4.3. By using the results in Sections 4.2 and 4.3, we show dim D(x, y) < ∞ for any homogeneous vectors x, y in Section 4.4. Section 4.3 includes complicated numerical calculations to get nontrivial polynomials which we need. We use Mathematica to calculate them explicitly. The explicit form of the polynomials are given in Appendix, however we need only the fact that they are nonzero polynomials. In Section 5, we give an alternative proof of the C 2 -cofiniteness of the vertex operator algebra V + L the Borcherds identity. It is known that the Borcherds identity is equivalent the following two identities, so called the associativity formula:
and the commutativity formula:
where a, b, c ∈ V and m, n ∈ Z. The Borcherds identity also implies the skew symmetry formula:
with a, b ∈ V and m ∈ Z.
The following identity follows from the associativity formula.
for m, n ∈ Z >0 and i ∈ Z ≥0 .
In particular, if a = b, then we have
with constants c m,n;i : = α m,n;i + α n,m;i
A vertex operator algebra is said to be of CFT type if V d = 0 if d < 0 and V 0 = C1. We always assume that vertex operator algebras are of CFT type in this paper. Let S be a subset of V and consider the subspace
If V = S str V then it is called that V is strongly generated by S. If we take a finite subset S so that V is strongly generated by S, then V is said to be finitely strongly generated.
We consider the subspace C 2 (V ) = a (−2) b a, b ∈ V C and set R(V ) = V /C 2 (V ). Then we say V to be C 2 -cofinite if the vector space R(V ) is finite dimensional. We write a = a + C 2 (V ) ∈ R(V ) for a ∈ V . It is well known that R(V ) has a Poisson algebra structure (see [Z] ). Its multiplication and Lie commutation relation are defined by
It is easy to see that if V is strongly generated by a subset S then R(V ) is generated by {a|a ∈ S}. If R(V ) is finite dimensional then there is a finite dimensional subspace U of V such that V = U ⊕ C 2 (V ). It is known that V is strongly generated by a basis of U (see [GN] ). Hence V is finitely, strongly generated.
Finally we recall the definition of weight. For a vector a ∈ V d , d is called the weight of a and denoted by |a|. We also mention a to be homogeneous if a ∈ V d for some d ≥ 0. By the definition weights are eigenvalues for L 0 = ω (1) , that is, V d is the eigenspace for L 0 of eigenvalue d. For homogeneous vectors a, b ∈ V and n ∈ Z, we see that |a (n) b| = |a| + |b| − n − 1. This implies that C 2 (V ) is a graded subspace of V and so is S str V if S consists of homogeneous vectors.
Permutation orbifold models
Let d be a positive integer and consider the tensor product
has naturally a vertex operator algebra structure (see [FHL] ).
for σ ∈ S d and a i ∈ V . The fixed point set of T d (V ) by a subgroup Ω ⊂ S d has naturally a vertex operator algebra structure. The fixed point vertex operator algebra is called the Ω-permutation orbifold model and denoted by T d (V ) Ω . The vacuum vector is 1 ⊗d and the Virasoro vector is ω ⊗ 1
for a ∈ V . It is easy to see that
For the sake of convenience, we set φ
Here and further we will write φ k and η for φ 
Proof. By the definition we have
By taking
In particular, we see that
and
In fact we have the following proposition.
We see that
for a, b ∈ V and i ∈ Z ≥0 . Therefore Im η is closed under the i-th product for any nonnegative integer i. This fact also proves that L 0 η(a) = η(L 0 a) for a ∈ V . Thus for any homogeneous a ∈ V , η(a) is also a homogeneous vector of weight |a|. Hence Im η is a graded subspace of
for k ≥ 1 and a, a 1 , · · · , a k ∈ V . By (3.3) and (3.4), we have
is finitely generated as an algebra. More strongly, we have the following theorem.
Thus it is enough to prove the "if" part. We give its proof after the proof of Lemma 3.4.
Suppose Im η is finite dimensional. We note that
Ker η is an L 0 -invariant subspace, and hence a graded subspace of V . Since Im η is finite dimensional, there exists a positive integer K ∈ Z >0 such that
(3.7)
Lemma 3.4. For any homogeneous vectors
Proof. We use induction on r. The case r = 1 follows from (3.7) immediately. Let r ≥ 1 and assume that φ r (a 1 , · · · , a r ) = 0 for any homogeneous vectors
Now we give a proof of Theorem 3.3.
Proof of Theorem 3.3. We note that the homogeneous subspace (
Hence we have
Since each homogeneous subspace (
In this section we restrict ourselves to the case d = 2. The aim of this section is to prove the following theorem:
This theorem follows from Theorem 4.2 proved in [A] and Theorem 4.3 below whose proof is given by dividing four subsections; Sections 4.1-4.4.
Through this section, we write φ and η for φ
2 and η (2) , respectively.
Known facts
Suppose V is C 2 -cofinite and of CFT type. As mentioned in Section 2, V is strongly generated by a suitable finite subset S consisting of homogeneous vectors. In [A] , it is proved that for such a subset S, Im η is finite dimensional if and only if the subspace η(x (−n) y) x, y ∈ S, n ∈ Z >0 C is finite dimensional. Thus by Theorem 3.3, we have the following theorem.
Theorem 4.2. ([A])
Let V be a C 2 -cofinite simple vertex operator algebra of CFT type, and S a finite subset of V consisting of homogeneous vectors. Suppose V is strongly generated by S. Then T 2 (V ) S 2 is C 2 -cofinite if and only if the subspace η(
We now consider a subspace
for any x, y ∈ V . We shall prove the following theorem. We start to prove Theorem 4.3. As for the finitenss of the dimensoion of D(x, y) for x, y ∈ V , it is worth giving the following remark.
Remark 4.5. For homogeneous vectors x, y ∈ V and integer n ∈ Z, η(x (n) y) is a homogeneous vector of R(T 2 (V ) S 2 ) with respect to the natural grading;
Therefore dim D(x, y) is finite if and only if there exists a positive integer N such that η(x (−n) y) = 0 for all n ≥ N.
We also use the following lemma frequently.
Lemma 4.6. ( [A] ) (1) For x, y, z ∈ V and n ≥ 2,
(2) For x, y ∈ V ,
Proof of Theorem 4.3 for weight one vectors
In this section we give a proof of Theorem 4.3 for x, y ∈ V 1 .
Proposition 4.7. Let V be a simple vertex operator algebra of CFT type. Then for any x, y ∈ V 1 , D(x, y) is finite dimensional.
The proof will be given after Lemma 4.11. For a simple vertex operator algebra V of CFT type, it is well known that V 1 has a Lie algebra structure [·, ·] with invariant symmetric bilinear form · , · as follows:
[x, y] := x (0) y, x (1) y = x, y 1 for x, y ∈ V 1 . The bilinear form · , · is nondegenerate because the radical of · , · in V 1 generates an ideal of V which must be zero by the simplicity of V .
Lemma 4.8. For x ∈ V 1 with x, x = 0, η(x (−m) x) = 0 for m ≥ 8.
Proof. We may assume that x, x = 1. Note that x (i) x (−p) 1 = pδ i,p 1 for i ∈ Z ≥0 and p ∈ Z >0 . Therefore
where the constants c m,n;i are those given in (2.6). Since
by Lemma 4.6 (2), we have
where we set the coefficient h m,n,p to be the scalar
On the other hand, if m, n ≥ 2 then
by Lemma 4.6 (1). Therefore we have
Now we take m to be an even integer greater than 3 and set n = 3, p = 2 in (4.1). Then η(x (−2) x) = 0 and we have
We set m = 3, n = 2 and take p = m to be an even integer greater than 3 in (4.1). Since η(x (−3) x (−2) 1) = 0 we have Lemma 4.9. Let x, y ∈ V 1 with x, x = 1. Let p, q ∈ Z ≥0 with p, q ≥ 2 and p + q ≥ 9. Then
Proof. Set µ = x, y . By Lemmas 4.6 and 4.8, η(x (−p) x (−q) 1) = 0. We see that
we have (4.4).
Next we take an integer r ≥ 2. Then we have
+ c p,q;1 µx (−p−q−1) x (−r) 1 + c p,q;r rx (−p−q−r) y with µ = x, y . Therefore one has
for p, q ≥ 2. By using Lemmas 4.8 and 4.9, we have the following identity.
Lemma 4.10. Let x, y ∈ V 1 such that x, x = 1. Then for p, q, r ∈ Z ≥0 with p, q, r ≥ 2 and p + q ≥ 9, for integers p, q, r ≥ 2 subject to p + q, p + r ≥ 9. We consider the determinant
Direct calculations show that this determinant is
It follows from this expression that the determinant (4.5) is nonzero for p ≥ 7. This implies that
for p ≥ 7. Therefore we have the following lemma.
Lemma 4.11. For any x, y ∈ V 1 with x, x = 0, η(x (−m) y) = 0 for m ≥ 14.
Now we give a proof of Proposition 4.7
Proof of Proposition 4.7. Since · , · is nondegenerate on V 1 , we can take an orthonormal basis B. Then for any x, y ∈ B, dim D(x, y) < ∞ by Lemma 4.11. Thus we see that D(x, y) is finite dimensional for any x, y ∈ V 1 .
Corollary 4.12. Let V be a simple vertex operator algebra of CFT type. Then for any
Proof. We may assume that m 1 ≥ · · · ≥ m r ≥ 1. First we consider the case m 2 ≥ 2. We use induction on r ≥ 2. The case r = 2 is proved by Proposition 4.7. Let r ≥ 3 and set u = x 3 (−m 3 ) · · · x r (−mr ) 1. We recall the formula 
Therefore the proof reduces to the former case.
Proof of Theorem for the Virasoro vector and homogeneous vectors
This section is devoted to the proof of the following proposition. The idea is very similar to the one in Section 4.2 but calculations become more complicated.
Proposition 4.13. Let V be a simple vertex operator algebra of CFT type.
For any x ∈ V , D(ω, x) is finite dimensional.
We use induction on the weight |x| of x. The proof of Proposition 4.13 consists of three lemmas.
Proof. Since · , · is nondegenerate on V 1 , we may assume that x, x = 1. We note that |x (i) ω| = 2 − i for i ≥ 0. Thus we have x (i) ω = 0 for i ≥ 3. Set x (2) ω = λ1 for some λ ∈ C. The skew-symmetry formula (2.3) proves
Therefore, for m, p ∈ Z >0 , we have
By Corollary 4.12, there exists N 0 ∈ Z >0 such that
for m ≥ N 0 . On the other hand, for m ≥ N 0 , we have
Consequently, by (4.7), for m ≥ N 0 we have
By replacing m with p, we have,
is nonzero if p = m, we see that η(x (−m−2−p) ω) = 0 for integers m, p ≥ N 0 with m = p. This proves Lemma 4.14.
Let k ≥ 2 and assume that the following assumption is true.
Proof. We use induction on r. The case r = 1 follows from Assumption (A). Let r > 1. Induction hypothesis and the commutation relations of the Virasoro algebra imply that
for any σ ∈ S r if m i ≥ N 1 for some i. Hence we may assume that m 1 ≥ N 1 and m 2 ≥ · · · ≥ m r .
By Lemma 2.4 and (3.3), we have an identity
where u = L −m 3 · · · L −mr y. Then among the terms in the both hand side in Identity (4.8), it follows form Assumption (A) and induction hypothesis that the left hand side and the terms η(L −m 1 −m 2 −i+1 L i−1 u) for i ≥ 2 are zero, where we use the fact that for i ≥ 2,
Therefore we have
This gives
Finally we shall show the following lemma.
Proof. Let x ∈ V k and fix integers m, n ≥ 3 with m + n > N 1 . Then we have
We notice that η(L −m L −n 1) = 0 by the choice of N 1 and Lemma 4.6. Therefore we have
Consequently, by using the identities
we can get an identity
for x ∈ V k and m, n ≥ 3 with m + n ≥ N 1 , where F m,n;k is a constant defined by
We next take m ≥ N 1 and p, q ≥ 3. Then we have
(4.13)
For 2 ≤ i ≤ q + 1 we have
for 2 ≤ i ≤ q − 2. As for the cases i = q, q + 1, we have
(4.16)
Therefore by (4.12)-(4.16), we see that
This leads an identity
for m ≥ N 1 , p, q ≥ 3, where we set
By replacing p and q with q and p, respectively, we have
for m ≥ N 1 and p, q ≥ 3. Now we take (p, q) = (6, 3) and (5, 4) and set for m ≥ N 1 . Then it follows two identities
Direct calculations by means of Mathematica give two nontrivial polynomials f 0 (z) and f 1 (z) both whose leading terms are 16 952560 kz 16 such that
The explicit forms of f 0 (z) and f 1 (z) are displayed in Section 6. Since the polynomials f 0 (z) and f 1 (z) are nontrivial, the number of roots of them are finite. Therefore the determinant is not zero for sufficiently large m. This shows that there exists N 2 ≥ N 1 such that η(L −m x) = 0 for m ≥ N 2 . The proof of Lemma 4.16 is completed.
Proof of Proposition 4.13. We use induction on the weight of x. The case |x| = 1 is prove in Lemma 4.14. Let |x| = k ≥ 2 and assume that Assumption (A) holds. Then Lemma 4.16 shows that dim D(ω, x) < ∞. This proves Propostion 4.13.
Proof of the main theorem
We shall finish the proof of Theorem 4.3 in this section. First we show the following lemma.
Lemma 4.17. Let V be a vertex operator algebra of CFT type, and W a graded subspace of V satisfying the following conditions.
(
(3) For any u ∈ V , L −m u ∈ W for sufficiently large m. Then for any x, y ∈ V , there exists N ∈ Z >0 such that x (−m) y ∈ W for any m ≥ N.
Proof. Let x, y ∈ V be homogeneous vectors. By using induction on p = max{|x|, |y|}, we shall show that x (−m) y ∈ W for sufficiently large m. If one of |x|, |y| is 0, since V is of CFT type, we have
We assume that |x|, |y| ≥ 1. In the case p = 1, we have |x| = |y| = 1 and hence we can take N = N 1 by Condition (4).
Let p ≥ 2 and assume that u (−m) v ∈ W for sufficiently large m and homogeneous vectors u, v ∈ V with |u|, |v| < p. Since p−1 i=0 V i is finite dimensional we can take N 2 ∈ Z >0 so that u (−m) v ∈ W for any u, v with |u|, |v| < p and m ≥ N 2 . By Condition (1) and the skew-symmetry formula (2.3), we have
Thus we may assume that p = |x| ≥ |y|.
We also note that there exists
for any m ≥ N 3 . Since p = 1, we have
In the case |x| > |y|, set N = max{N 2 , N 3 } and let m ≥ N. Since |L i x|, |y| < p for i ≥ 1, it follows from induction hypothesis that (L i x) (−m−i) y ∈ W for any i ≥ 1. Therefore by (4.23), we have x (−m) y ∈ W for m ≥ N.
In the case |x| = |y| = p, set N ′ = max{N 2 , N 3 }. Since |L i x| < |y| = p for i ≥ 1, by the argument in the previous paragraph, there is N ′′ ∈ Z >0 such that (L i−1 x) (−m+1−i) y ∈ W for i ≥ 2 and m ≥ N ′′ . Therefore if we set N = max{N ′ , N ′′ }, then it follows from (4.23) that x (−m) y ∈ W for m ≥ N. The proof is completed.
We now give a proof of Theorem 4.3. 
by (3.4). Hence a (0) u ∈ W , and we see that W satisfies Condition (2). Propositions 4.7 and 4.13 imply that W satisfies Condition (3) and Condition (4), respectively.
5 C 2 -cofiniteness of a Z 2 -orbifold models of lattice vertex operator algebras
Let L be a positive definite even lattice of rank one and V L the lattice vertex operator algebra associated to the lattice L(see [FLM] for the definition). It is known that V L is simple, of CFT type and C 2 -cofinite (see [Dong] and [DLM] ). We also have an involution θ of V L which is lifted form the −1-isometry of L ( [FLM] ). We consider the
It has been proved in [Yam] that V + L is C 2 -cofinite when L is of rank one (see also [ABD] for general rank). In this section, we give an alternative proof of the C 2 -cofiniteness of V + L for a rank one lattice L by means of our result for 2-cyclic permutation orbifold models.
We recall some general facts.
Proposition 5.1.
(1) Let U, V be vertex operator algebras. Then both U and V are C 2 -cofinite if and only if the tensor product U ⊗ V is C 2 -cofinite.
(2) Let V be a vertex operator algebra of CFT type and U a vertex operator subalgebra whose Virasoro vector admits with that of V . If U is C 2 -cofinite then V is also C 2 -cofinite.
Proof. The assertion (1) follows from the fact that R(U ⊗ V ) ∼ = R(U) ⊗ R(V ). The assertion (2) is a corollary of the fact that V is C 2 -cofinite if and only if any weak V -module is a direct sum of generalized L 0 -eigenspaces (see [M1, Theorem 2.7] ). Let ω be a common Virasoro vector of U and V . We note every weak V -module is an weak U-module. Since U is C 2 -cofinite, any weak U-module has a generalized eigenspace decomposition for L 0 = ω (1) . Thus so does any weak V -module, and hence V is C 2 -cofinite.
Let k ∈ Z >0 and consider the lattice L = Zα with α, α = 2k. We shall show that V + L is C 2 -cofinite. Let M = Zβ be a lattice with β, β = 4k, and set β 1 = (β, β) and β 2 = (β, −β) ∈ M ⊕ M, where M ⊕ M is an orthogonal direct sum of M and itself. Then we see that β 1 and β 2 are orthogonal and that (β 1 + β 2 ) + M 0 ) and
as vertex operator algebras. We also see that 2 )z 9 + 16kz 10 )).
